If M is a plane continuum that does not separate the plane and / is a map of M into M, must / have a fixed point?
Introduction.
According to the Lefschetz fixed-point theorem, every deformation of a polyhedron with nonzero Euler characteristic has a fixed point. A variety of concepts have been used to extend this result [6, 7, 8, 9, 21, 27] . Recently, the author [13] used the dog-chases-rabbit principle to prove that every deformation of a uniquely arcwise connected continuum has a fixed point. Young's example [30] of a uniquely arcwise connected continuum without the fixed-point property shows that the author's theorem [13] does not generalize to arc-component-preserving maps. However, every arc-component-preserving map of a uniquely arcwise connected plane continuum has a fixed point [12] . Here we establish the analogous theorem for nonseparating plane continua. Once again, our proof is based on the dog-chases-rabbit principle.
Definitions.
A space S has the fixed-point property if for each map f oî S into S, there exists a point p of S such that f(p) = p. A continuum is a nondegenerate compact connected metric space. A continuum is uniquely arcwise connected if it is arcwise connected and does not contain a simple closed curve.
A continuum is indecomposable if it is not the union of two of its proper subcontinua.
O L. HAGOPIAN 
A continuum T is a triod if T has a subcontinuum Z such that T ~ Z is the union of three nonempty disjoint open sets.
A tree is a finite graph that does not contain a simple closed curve. A continuum M is tree-like if for each positive number e, there is a cover of M with mesh less than e whose nerve is a tree.
In [2] , Bellamy constructed a tree-like continuum that admits a fixed-point-free map. Whether or not this example can be modified to solve the classical plane fixed-point problem remains to be seen [2, p. 12; 20, 25, 26] .
Preliminaries.
Henceforth, M is a continuum with metric p. A chain is a finite collection ~W = {Wl : 1 < i < n} of open subsets of M such that Wi C\Wj¿0 if and only if |¿ -j\ < 1.
If n > 2 and Wi also intersects Wn, then W is a circular chain. If the mesh of IV is less than e, then W is an s-chain.
If Bd(U(W¿ : 1 < i < n}) C Bd(Wi U Wn), then HI is a free chain. By the compactness of M and the continuity of /, there is a positive number r such that for every point p of M, (3.4) P(PJ{P)) >T. For each positive integer n, let ipn be a homeomorphism of the half-open real line interval [n -l,n) onto [an,an+i).
For each nonnegative real number r, let ip(r) = ipn(r) iî n -1 < r < n.
Let Px = \J{[x,an): n = 2,3,...}. By (3.7), ip is a one-to-one map of the nonnegative real line [0, -f-oo) onto Px. The map tp determines a linear ordering <C of Px with x as the first point.
The set Px is called a Borsuk ray. In [4, p. 123], Bing described the restriction of a fixed-point-free map to a Borsuk ray in terms of a dog chasing a rabbit. To continue in this spirit, one might think of our free chain as an open-ended hollow log through which the dog and rabbit run. For each point p of Px, by [12, p. 98, (6) 
If Px is perfect, it follows from (3.5) that for each point p of Px, (3.9) f(p) £ Px(p).
Suppose M is in the plane E2.
Assume there exist disjoint open sets n and E in M such that x £U, PXP\T, ^ 0, and for each point p of Px fl n, (3.10) [p,/(p)]nE = 0.
The remainder of this section is devoted to proving
Assume Px is perfect. Since Lx = CIPX, there exist points s,t,y, and z of Px such that {s, t} C E, {y, z} C n, and Ky«i«z.
By (3.9), f(y) £ Px(y) and f(z) £ Px(z). By We say that an arc [u, v] (3.14) no arc in Px is ordered from Wm to Wi in "HI.
To see this, assume there is an arc [u, v] in Px f) \J{Wi : 1 < i < m} such that u <SC v, u £ Wm, and v £Wi. Let Wa be an element of Ml) that contains s. Since p(s, [y, z]) > e and [y, z] intersects each element of {Wi : m <i < n}, it follows that a < m. Therefore [u,v] C\Wa ¿ 0. Since Wa C E and Wm C n, by (3.9) and (3.10) , f(u) £ [u,v] , and this contradicts (3.12). Hence (3.14) is true.
Furthermore, (3.15) no arc in Px is ordered from Wn-i to Wm in W.
To see this, assume there is an arc [u, v] in Px n \J{Wi ■ m < i < n} such that u «C v, u £ Wn-i, and v £ Wm. Let Wß be an element of "W that contains t. Note that Wß C E and Wn-i U Wn c n. Since p(t, [x,y]) > e and [x,y] intersects each element of {Wi: 1 < i < m}, it follows that m < ß < n -1. Therefore [u,v] Note that R may be Q. A continuum is a solenoid if it is homeomorphic to an inverse limit of circles with covering maps as the bonding maps.
Every solenoid admits a fixed-point-free deformation. If the degree of each bonding map is greater than 1, the solenoid is indecomposable [3, Corollary, p Since H is tree-like, by (4.14), for every point p of A4, (4.16) there is a unique arc [p, f(p)] in A4.
Hence the restriction of / to M is a fixed-point-free arc-component-preserving map of A4. Note that M is tree-like.
By a theorem of Manka [19] , there exists an indecomposable continuum Q in A4. Since M is tree-like, no arc in M intersects more than one composant of Q. Therefore M has uncountably many arc-components.
Let X be an arc-component of M that does not contain a triod. Since M is tree-like, X does not contain a simple closed curve.
Let x be a point of X. Define the Borsuk ray Px in X. Since X does not contain a triod, it follows from (3.5) and [12, p. 98, (6) ] that for each point p of Px, (4.17) f(p) £ Px(p).
Note that As in the proof of (3.11), define a free chain "W = {Wi, W2,. ■., Wm, ■ • •, Wn} in M that follows an arc [x, z] in Px and has the property that (4.21) no arc in Px is ordered from Wm to Wi in "w.
Let p be a positive number less than p(x, A4 ~ Wi) and p([x, z], A4 ~ |J "W). Let T be a cover of M with mesh less than p whose nerve is a tree. Let E be an element of T that contains x. By (4.20), E D Px(z) ¿ 0. Note that E cWi. Since "W is free and T does not contain a circular chain, Px(z) contains an arc that is ordered from Wm to Wi in IV, and this contradicts (4.21) . Hence / has a fixed point.
COROLLARY 4.22. Bellamy's tree-like continuum without the fixed-point property [2] does not admit an arc-component-preserving map that is fixed-point free.
QUESTION 4.23. Does every tree-like continuum have the fixed-point property for arc-component-preserving maps? An affirmative answer to the following question would generalize the author's theorem [12] that every uniquely arcwise connected plane continuum has the fixedpoint property.
QUESTION 4.24. If M is a plane continuum that does not contain a simple closed curve and / is an arc-component-preserving map of A4, must / have a fixed point?
